ABSTRACT. In this paper, by using a fixed-point theorem in cones to study the boundary value problem for a class of quadratic mixed type of delay differential equations with eigenvalue, the sufficient condition of existence of their solutions is derived. The main results in this paper are the generalization and improvement of those existing ones.
Introduction
In the past years, the research work upon delay differential equations becomes more and more popular [3, [5] [6] [7] [11] [12] [13] 15, [17] [18] [19] , because this kind of differential equations also have broad applied backgrounds in the fields of physics, biology and control principle [1, 4] . The relative differential equations include two kinds, ie, differential equations with eigenvalues (see [3, 7, 14, 18] ) or without eigenvalues [13, 13, 15] . The main research schemes to the equations are to apply all kinds of fixed-point theorems (see [13, 16, 19] ), a fixed-point index theorem in cones [4, 15] and the method of upper and lower solution [16] . The fixed-point theorem in cone have become a main tool for studying differential equations with eigenvalues since Henderson and Wang [12] firstly applied it to discuss the existence of positive solutions for the second-order non-delay differential with eigenvalues in Wang and Shen [18] studied the existence of solutions for a class of more general delay second order differential equations with eigenvalue, which extended the domain of delay τ to (0, 1) and whose boundary value was more general.
The boundary value problems for integro-differential equations of mixed type were studied by some authors (see [8, 9] ). In this paper, we also consider the existence of the positive solutions for following quadratic mixed type of delay differential equations with eigenvalue ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎪ ⎩ − u (t) = λp(t)f [t, u(t − τ ),

k(t, s)u(s)ds, we suppose that f (t, u, v) is neither superlinear or
sublinear, p(t) is allowed that has some suitable singularity at the ends of (0, 1). It should be also mentioned that similar (same) problems have been studied in [8, 9, 14] . In fact, when v(t) ≡ 0 the problem (1.2) was studied in [7, 14, 18] and when τ = 0, the problem (1.2) was studied in [8] . Thus, the problem (1.2) which we will study is more general.
Some preliminaries
For convenience of the reader, in the section, we present some definitions and some lemmas. At first, we give the necessary conditions which the differential equation (1.2).
(
and we assume that
In this paper, we need the fixed point theorem in cones to prove our conclusion, so we give now relative the definitions of cones and the definitions of positive solution of BVP (1.2).
Ò Ø ÓÒ 2.1º Let X be a real Banach space and K ∈ X be a closed, convex set. K is a cone if only and if the following conditions are satisfied
(ii) If u ∈ K and −u ∈ K then u = 0. Ò Ø ÓÒ 2.2º u(t) is the positive solution of BVP (1.2) if and only if it satisfies the following conditions:
If u(t) is the solution of BVP (1.2) then u(t) can be represented as
where
and G(t, s) satisfies:
We define the operator Φ :
We also denote the space X as
for any u ∈ X,the norm u = sup{u(t) : −τ ≤ t ≤ 1} then X is a Banach space and for all u ∈ X, we have u = u [0, 1] . Additionally, we define a cone K in the space X where
Based on the above, we derive the following lemmas.
Ä ÑÑ 2.1º
The fixed-point of the map Φ is the solution of equation (1.2) .
THE BVP OF QUADRATIC MIXED TYPE OF DELAY DIFFERENTIAL EQUATIONS
It is get easy to get
Then Φu(1) = aΦu(η). Thus, the fixed point of Φ is the solution of the equation (1.2). The proof is complete.
Ä ÑÑ 2.2º Φ : K → K is a completely continuous operator.
Because Φ is a sequential compact set, we can conclude that Φ is a completely continuous operator by Arzela-Ascoli Theorem.
completely continuous operator and satisfies
(i) Φu ≤ u , u ∈ K ∩ ∂Ω 1 and Φu ≥ u , u ∈ K ∩ ∂Ω 2 , or (ii) Φu ≤ u , u ∈ K ∩ ∂Ω 2 and Φu ≥ u , u ∈ K ∩ ∂Ω 1 then Ω has a fixed point in K ∩ (Ω 2 Ω 1 ).
ZHIMIN HE -JIANHUA SHEN
Let α, β, ϕ and φ be non-negative continuous concave functional on K. Then for positive real numbers b, c, d and m, we define the following convex sets:
and a closed set
cone in a real Banach space X. Let β and ϕ be nonnegative continuous convex functionals on K, α be a non-negative continuous concave functional on K and φ be a non-negative continuous functional on
K satisfying φ(λu) ≤ λφ(u) for 0 ≤ λ ≤ 1 such that for some positive numbers M and m, α(u) ≤ φ(u), u ≤ M β(u), for all u ∈ P (β, m). Suppose Φ : P (β, m) −→ P (β, m
) is completely continuous and there exist positive numbers b, c and m with b > c such that
(S 1 ) {u ∈ P (β, ϕ, α, b, d, m)|α(u) > b} = 0, and α(Φu) > b for u ∈ P (β, ϕ, α, b, d, m). (S 2 ) α(Φ(u)) > b for P (β, α, b, m) with ϕ(Φ(u)) > d. (S 3 ) 0 / ∈ R(β, φ, c, m) and φ(Φ(u)) < c for u ∈ R(β, φ, b, m) with φ(u) = c, then Φ has at least three fixed points u 1 , u 2 , u 3 ∈ P (β, m) such that β(u i ) ≤ m, for i = 1, 2, 3; b < α(u 1 ); c < φ(u 2 ), with α(u 2 ) < b; φ(u 3 ) < c.
The case of no less than one solution
In the following, we discuss the existence of at least the positive solution for all kinds of values and compositions of M 0 , M ∞ , M 0 and M ∞ . In the Theorem 3.1 and Theorem 3.2, we take ε > 0 such that satisfy
Ì ÓÖ Ñ 3.1º If the conditions (H 1 )-(H 4 )and the following conditions
hold then the equation (1.2) has at least one solution.
For the same above ε > 0, from (3.1) and (3.3), there exists
Therefore, by Lemma 2.3, Φ has a fixed point u ∈ K ∩ (Ω 2 Ω 1 ) and u(t) is a positive solution of equation (1.2), completing the proof of Theorem 3.1.
Ì ÓÖ Ñ 3.2º If the conditions (H 1 )-(H 4 )and the following conditions
0 < M 0 < +∞, (3.4) 0 < M ∞ < +∞, (3.5) 1 L 1 (M 0 − ε) ≤ λ ≤ 1 L 2 (M ∞ + ε) ,(3.
6)
P r o o f. By (3.4), (3.6) for a given ε > 0, there exists r 2 > 0 when
For the same above ε > 0, from (3.5) and (3.6), there exists R 2 > r 2 when
Therefore, by Lemma 2.3, Φ has a fixed point u ∈ K ∩ (Ω 2 \Ω 1 ) and u(t) is a positive solution of equation (1.2) 
,
Because M 0 = 0, we choose a value small enough for ε > 0, so that
and there exists 0 < r
Therefore, by Lemma 2.3, Φ has at least one fixed point u ∈ K ∩ (Ω 2 Ω 1 ) and u(t) has at least one positive solution of equation (1.2), completing the proof of Theorem 3.3.
Remark 1º
If M 0 = ∞, M ∞ = 0, similarly we can verify that BVP (1.2) has at least one positive solution.
The case of no less than three solutions
In this section, by Lemma 2.4, we prove that BVP (1.2) has at least three solutions when f (t, u, v) satisfies some certain conditions. First, we define four non-negative continuous concave functionals in K α, β, ϕ and φ as α(u) = min
where k is an constant and satisfies τ < k < 1, set
(1) ω 1 (t), ω 2 (t) are two non-negative characteristic functions and
As we know, some researchers [2, 14] had discussed BVPs with at least three solutions. In these papers, the relative conclusions were based on the assumption that f (t, u(t)) be more than or less than a given constant. In fact, it's very difficult to find such functions. In our paper, f (t, u, v) is assumed to be a function which satisfies the conditions f (t, u, v 
√ uv can be easily satisfied for some equations when we choose suitable characteristic functions. The conclusion is described in Theorem 4.1. In Section 5, we give Example 2 to illustrate our conclusion. 
Then BVP (1.2) has at least three solutions
P r o o f. By Lemma 2.1, we can derive that Φ : K → K is completely continuous.
It is easy to verify that φ(λu) = λφ(u) for 0 ≤ λ ≤ 1 and α(u) ≤ φ(u).
According to the definition of norm and (4.1) if taking M ≥ 1 then we have that
From the conditions (i) of Theorem 4.1, we have
We have that ϕ(u 0 ) =
On the other hand if u ∈ P (β, ϕ, α, b,
From the conditions (ii) of Theorem 4.1 and Lemma 2.2, we have
So the condition (S 1 ) of Lemma 2.4 is satisfied. 
